The time-evolution of the fluorescence spectrum of a dissolved chromophore excited by an ultrafast pump pulse is considered. The average value of the energy difference of the solute in its excited and ground states is used to describe the relaxation of the maximum of the transient fluorescence spectrum to its equilibrium value ͑dynamic Stokes shift, DSS͒. A simple formula for the normalized DSS is obtained which generalizes an earlier standard classical expression and includes the effect of a pump pulse of finite duration. As an example, dielectric dispersion data are used for a dipolar solute in water to estimate the quantum correction to the standard DSS expression. The correction is negligible when the frequency of the pump pulse is close to the maximum in the absorption spectrum, but a deviation from the standard formula can be expected for the pump pulse tuned to a far wing of the absorption band of the chromophore. An expression is given for this deviation.
I. INTRODUCTION
The solvation dynamics of dipolar and ionic solutes in polar solvents has attracted considerable attention in recent years, e.g., Refs. 1-7. This interest reflects the importance of the solvent dynamics in many chemical and physical processes in the condensed phase. [8] [9] [10] [11] Transient nonlinear spectroscopy has been one main tool for tracing the ultrafast dynamics of solvation. [12] [13] [14] The loss of coherence between the ground and excited electronic states, which is caused by the solute-solvent interaction, is closely related to solvation dynamics. The photon echo technique [15] [16] [17] [18] [19] [20] [21] [22] and pump-probe spectroscopy [23] [24] [25] [26] have both been used to separate the inhomogeneous ͑slow͒ broadening of the spectral line associated with a particular electronic transition from the homogeneous ͑fast͒ electronic dephasing. Several new experimental techniques have been developed to trace electronic dephasing with femtosecond resolution. [27] [28] [29] [30] [31] In a different, but related approach the optical Kerr effect has been used to study subpicosecond dynamics of the solvent as a whole. [32] [33] [34] [35] Most of the experimental data on solvation dynamics in polar solvents have been obtained using a time-resolved fluorescence method with upconversion. [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] The energy difference in the ground and excited electronic states of the solute is manifested through (t), the frequency of the fluorescence spectral maximum of the molecule. Its timeevolution ͑dynamic Stokes shift, DSS͒ reflects the solvation dynamics of the electronically excited solute. At the current level of resolution a DSS experiment permits a scanning of the solvent dynamics on a time scale ranging from less than 100 femtoseconds for fast relaxing solvents like water 2 up to nanoseconds for ''slow'' solvents. 47 For strongly coupled systems the time-resolved fluorescence experiments [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] have been more extensively compared with theory and with computer simulations than photon echo [15] [16] [17] [18] [19] [20] [21] [22] [27] [28] [29] [30] [31] or optical Kerr effect measurements. [32] [33] [34] [35] To interpret the results of a DSS measurement it is usually assumed that the photoexcitation, i.e., the transition forming the molecule in the excited electronic state, occurs much faster than any relaxation of the solvent and so the excited molecule would appear initially in a solvent which is in equilibrium with the ground state of the molecule. 48 It is also usually assumed that the solvent dynamics that is related to the evolution of the transient fluorescence spectrum can be described classically and that quantum effects in the solvent dynamics can be neglected.
Recent ultrafast DSS measurements 2, [36] [37] [38] have shown that the considerable part of relaxation (տ50%͒ in many solvents composed of small molecules occurs on a very short time scale (Շ100 fs͒, which becomes comparable to the pump pulse duration. Under these conditions the validity of the assumption that the state of the solvent immediately after the excitation is the same as before is no longer strictly valid. In the present article an estimate is made of the effect of the finite pump pulse duration on this time-development of the Stokes shift and of the extent to which the quantum dynamics of the solvent can modify the usual classical result. A model is described in Sec. II, and the dynamic Stokes shift is calculated in Sec. III, initially for an instantaneous pulse ͑Sec. III A͒ and then for a pulse of finite duration ͑Sec. III B͒. A physical interpretation of the principal equations is given in Sec. IV, and a summary is given in Sec. V.
II. THE MODEL
For treating the solvent dynamics several approaches come to mind. In one of these linear response theory is used, as Ovchinnikov and Ovchinnikova did 49 in their application of the quantum field theoretical method of Abrikosov et al. 50 In a similar spirit, Mukamel and coworkers [51] [52] [53] used a cumulant expansion, based on second-order perturbation theory to treat systems which in molecular terms have nonlinear interactions. Neither treatment uses a molecular harmonic oscillator model. An approach which is, at first glance, quite different from these in validity, is the use of a molecular oscillator model-the well known spin-boson Hamiltonian. 54 It gives results which are formally the same 55 as those obtained by the other two methods, when the number of oscillators N allowed to become infinite. This agreement is not accidental. Rather, it bears some analogy to the representation of a nonperiodic function by a Fourier integral, when the latter is regarded as the limit as N tends to ϱ of a Fourier series representation of the function. We have chosen to use this spin-boson Hamiltonian approach, and then allowing N to tend to ϱ, because of its simplicity, although either of the other two methods could have been used instead to obtain the key equations, Eqs. ͑47͒ and ͑48͒. We note that these equations do not, for the above reason, contain any properties specific to molecular harmonic oscillators.
In the harmonic oscillator approach ͑with finite N, which at the end is allowed to become infinite͒, the solvent Hamiltonian H g in the ground electronic state can be written as 54, [56] [57] [58] 
where j , Q j , and P j are the frequencies, coordinates, and momenta of the ''normal modes,'' respectively ͑mass-weighted coordinates͒. When the resulting change of electronic state after an electronic transition leads only to shifts of the normal modes but not to changes in their frequency, the solvent Hamiltonian H e in the excited electronic state can be written as 54, [56] [57] [58] 
͑2͒
where the coefficients c j uniquely characterize the shifts of equilibrium positions of the normal modes. The difference of the minima of the potential energies ⌬UϭU e ϪU g in the excited and ground electronic states, respectively, coincides with the free energy difference for this harmonic oscillator model. A comment is relevant here about the role of intramolecular solute modes. In most experiments relatively large molecules ͑mostly dye molecules͒ with many nuclear degrees of freedom are used as solute probes, 5 molecules in which the equilibrium nuclear configuration in the excited electronic state is different from the one in the ground electronic state. Vibrational modes of such solutes, changes in the ring modes in aromatic systems, for example, contribute considerably to the static Stokes shift and must be included in any model. The harmonic approximation for intramolecular modes is often used for electron transfer and other nonadiabatic electronic transitions. 57, 58 One can then assume that the sum in Eqs. ͑1͒ and ͑2͒ is not only over the solvent modes but also over the intramolecular solute modes, neglecting any change in their frequencies as a result of the electronic transition.
To describe the solvent dynamics related to the spectroscopy of the solute it is now customary to treat the energy difference of the excited and ground electronic states as a collective coordinate [51] [52] [53] XϭH e ϪH g ϭ ͚ j c j Q j ϩ⌬Uϩ, ͑3͒
where the ''solvent reorganization energy'' is given in the harmonic oscillator model by
The coordinate X corresponds to the optical frequency of the vertical electronic transition at any specified values of the nuclear coordinates of the solvent. It can be referred to as a generalized ''solvation coordinate.'' A similar idea was used earlier in electron transfer theory. [60] [61] [62] [63] [64] [65] Statistical and temporal properties of the solvation coordinate are primarily responsible for the spectroscopic properties of the solute. It is convenient to separate X into a constant part and a fluctuation,
Xϭ͗X͘ϩ⌬X, ͑5͒
where the average is taken over a thermal equilibrium distribution in the ground electronic state of the solute,
For the model in Eqs. ͑1͒ and ͑2͒ the average value of X is equal to ͗X͘ϭ⌬Uϩ.
͑7͒

III. DYNAMIC STOKES SHIFT CALCULATION
A. Instantaneous pump pulse
As noted earlier it is usually assumed that the solvent state does not change during the photoinduced electronic excitation of the solute molecule. A sudden change of the electronic state of the molecule can then be viewed as switching on the potential X at tϭ0. The constant energy change, ͗X͘, which does not influence the solvent dynamics, can be omitted. The average value ͓averaged as in Eq. ͑22͒ given below͔ of a dynamical variable will be denoted by the bar over that variable. The average value of the solvation coordinate variation ⌬X can then be obtained as a linear response to the ''applied external force,'' which is a unit step function Ϫ(t) ((t)ϭ0 if tϽ0, and 1 for tϾ0),
The generalized susceptibility ␣(t) is given in linear response theory in terms of a correlation function of the solvation coordinate, 66 ␣͑t͒ϭϪ 1 iប
where the square brackets denote the commutator, the subscript g in ⌬X g denotes a dynamical evolution of ⌬X that proceeds with the Hamiltonian H g , i. To characterize the time-evolution of the fluorescence spectrum the mean optical frequency (t) at time t could be used,
where hϭ2ប is Planck's constant. The frequency depends on the properties of the solute molecule as well as on those of the solvent. Commonly, instead, a dimensionless solvent response function S(t) is used to characterize the solvent-related aspect of the Stokes shift evolution, 48 S͑t ͒ϭ ͑t ͒Ϫ͑ ϱ ͒ ͑0 ͒Ϫ͑ ϱ ͒ . ͑13͒
In classical mechanics Eq. ͑9͒ is substituted by
where C cl (t) is the classical correlation function of the solvation coordinate
In the latter the averaging is over the equilibrium classical statistical ensemble appropriate to the ground electronic state of the solute. Substituting Eq. ͑14͒ into Eq. ͑8͒ and then into Eq. ͑13͒ one obtains
This result is widely used in numerical simulations 1, 4, 37, [68] [69] [70] [71] [72] [73] to describe the time-evolution of the Stokes shift in terms of the classical correlation function of the solvation coordinate ͓cf. Eqs. ͑8͒ and ͑19͔͒. It does not assume that the motion is harmonic.
For the harmonic oscillator model in Eqs. ͑1͒ and ͑2͒ the correlation function of the solvation coordinate, Eq. ͑10͒, is given by 75 C͑t ͒ϭប ͚ j c j 2 2 j ͓coth͑ ␤ប j /2͒cos j tϪi sin j t͔.
͑17͒
In the classical limit, ប→0, Eq. ͑17͒ is reduced to the following expression:
From Eqs. ͑11͒ and ͑17͒ one obtains ␣(t) for the harmonic oscillator model:
Substituting Eq. ͑19͒ into Eq. ͑8͒ and then into Eq. ͑13͒ one obtains
where
The function ⌬(t), which coincides with the normalized classical correlation function C cl (t) ͓cf. Eq. ͑16͔͒, vanishes when t→ϱ, and, as one can see from its definition and Eq. ͑4͒, equals unity at tϭ0. Equations ͑16͒ and ͑20͒ allow one to relate the solvent response function, Eq. ͑13͒, to the correlation function, Eq. ͑15͒, of the solvation coordinate for an instantaneous pump pulse. Equation ͑16͒, which is valid for a generic nonlinear system, looks more general than Eq. ͑20͒. It is worth noting, however, that if one defines coefficients c j of the effective harmonic oscillator model in Eq. ͑2͒ in such a way that the correlation function C cl (t), Eq. ͑15͒, of the nonlinear system is fitted with suitable choice of c j 's to Eq. ͑18͒, then Eqs. ͑16͒ and ͑20͒ will be identical ͑see the discussion below͒.
We are not aware of any success in generalizing the above procedure to the case where the electronic transition of the molecule cannot be viewed as instantaneous. Accordingly, we describe next a different approach, a density matrix method which can be used to treat the solvent dynamics for the case of an arbitrary duration of the pump pulse. Conceptually, it is close to the method used by Mukamel and coworkers, [51] [52] [53] but the execution is different. When the pulse is instantaneous the results will be shown to reduce to those given by the previous method, Eqs. ͑8͒ and ͑19͒.
B. Pump pulse of finite duration
We introduce the density matrix of the solvent (t), which is evolving on a potential energy surface involving the excited electronic state of the solute. The average value of the solvation coordinate X (t) at the time t after the excitation can then be written as
where (
t)ϭexp(ϪiH e t/ប)(0)exp(iH e t/ប).
This expression for X (t) can be rewritten in an equivalent form:
where the subscript e means that the evolution of X proceeds with the Hamiltonian H e , X e (t)ϭexp(iH e t/ប)X ϫexp(ϪiH e t/ប). It is shown in Appendix A that for the model in Eqs. ͑1͒ and ͑2͒ the following relation is satisfied:
where ⌬(t) is given by Eq. ͑21͒.
For comparison with our later results we first consider the case that the density matrix (t) of the solvent does not change during the electronic transition ͑''instantaneous pump pulse''͒. In this case (0)Ӎ 0 , the equilibrium solvent distribution corresponding to the ground electronic state of the solute ͓cf. Eq. ͑6͔͒. Using Eqs. ͑7͒, ͑23͒ and ͑24͒ one immediately obtains
and, as a consequence, obtains Eq. ͑20͒ upon using Eqs. ͑12͒ and ͑13͒.
For a pump pulse of finite duration the actual density matrix of the solvent immediately after electronic excitation of the solute will differ from the 0 defined in Eq. ͑6͒. To calculate the density matrix (t) the process of the excitation now needs to be considered explicitly. To this end we introduce the common assumptions that the pump pulse radiation field E(t) can be described classically and that the dipole approximation can be used for its interaction with the solute,
where the electric field is treated as linearly polarized along the x-axis E(t)ϭE x (t). It is also assumed that E(t) has a relatively narrow spectrum, so one can write it in a quasiharmonic form,
where E 0 (t) is a function changing slowly with time. The asterisk in Eq. ͑26͒ denotes the complex-conjugate. The transition dipole moment of the solute along the x axis is ϭ 0 n x , where n x is the directional cosine of the transition dipole moment along the x axis, and is treated as a constant. It may be noted that the last assumption is usually referred to a spatially fixed solute ͑Condon approximation͒ and, strictly speaking, is not applicable to a moving solute. However, one dynamical effect, that of the solute reorientation, which is frequently modeled as rotational diffusion, 48 is rather small on a time scale of the processes considered in the present article, especially for large dye solute molecules which are commonly used in these experiments and whose orientational diffusion is relatively slow: A relative change of the transition dipole moment due to the solute diffusional reorientation can be estimated as ␦/ 0 ϳͱDt, where D is the rotational diffusion coefficient and t is the relaxation time. Substituting an estimate from Ref. 48 , Dϭ5 ϫ10 8 s Ϫ1 and taking tϭ1 ps, ␦/ 0 is estimated to be of the order of 2% which is probably at least as good as the other approximations. Thereby, the effect of the solute reorientation can be treated statically, averaging the final result over all possible solute orientations at the end of the calculation. The orientation of the solute influences only the amplitude of the corresponding perturbation Hamiltonian, both for the excitation pulse ͓cf. Eq. ͑26͔͒ and for the resulting fluorescence spectrum. 52 As a result, the solute orientation does not influence the shape of the transient fluorescence spectrum but only its directional properties. The dependence of the fluorescence intensity on the direction of observation and on the fluorescence polarization direction is considered in Appendix B for completeness.
To find the density matrix of the solvent (t) with the solute in the excited electronic state, second-order timedependent perturbation theory with H int as a perturbation must be used. Under the rotating wave approximation, the expression for (t) is given by 
͑28͒
Here and below we assume that the fluorescence signal is observed when the pump pulse is already over. If, instead, the pump and upconverting pulses overlap, the observed signal cannot be interpreted as a pure fluorescence, but contains also a Raman scattering component. 12 The (t) in Eq. ͑28͒ is a part of the ''solventϩsolute'' system total density matrix, which is diagonal over the excited electronic state of the solute. Since we neglect nonradiative electronic transitions of the solute, the time-evolution of (t) can be considered separately. We will normalize (t) for convenience. The normalized (t), i.e., such that Tr͓(t)͔ϭ1, is given by where ͗¯͘ denotes thermal average, Eq. ͑6͒. The function R() coincides with the normalized correlation function of the operator for the transition dipole moment , and its Fourier transform gives the absorption lineshape. 76 The correlation function R() is expressed in terms of the ͑quantum͒ correlation function of the solvation coordinate, Eq. ͑10͒, as
͑32͒
If the pulse is infinitely short, which formally corresponds to using E(t)ϰ␦(t), then (t)→(0)ϭ 0 , at t→ϩ0, a situation discussed above. Equations ͑22͒, ͑12͒, ͑13͒, and ͑29͒-͑32͒ provide a basis for calculating the time-evolution of the Stokes shift for an arbitrary pump pulse. Using Eq. ͑29͒ the average value of the solvent coordinate X at time t can be represented in the form:
where the integral kernel f (t͉tЈ,tЉ) is given by f ͑ t͉tЈ,tЉ͒ϭTr͓X e ͑ tϪtЈ͒e Ϫi͑tЈϪtЉ͒H e /ប e i͑tЈϪtЉ͒H g /ប 0 ͔. ͑34͒
A straightforward but somewhat cumbersome calculation given in Appendix C yields the following expression for this kernel:
͑35͒
It is easily seen that in the short pump pulse limit Eq. ͑35͒ reduces to a previous result, Eq. ͑25͒. Really, in this limit the integration times tЈ and tЉ can be set to zero in all terms in braces. As a result, the expression for f takes a simple form: f (t͉tЈ,tЉ)ϭR(tЈϪtЉ)͓2⌬(t)Ϫϩ⌬U͔. Upon substituting this expression into Eq. ͑33͒, Eq. ͑25͒ immediately follows.
In the harmonic oscillator model the solute-solvent interaction is characterized by the ''normal mode shifts'' c j in Eq. ͑2͒. Physically important, however, are not so much the c j 's themselves but their combination in the well known form, the spectral density function J() of the solvent modes, 54 J͑ ͒ϭ
where ␦() denotes the Dirac delta function. Using the spectral density function allows one most naturally go to the limit Nϭϱ. If the number of harmonic modes is finite then J() is the sum of finite number of delta functions. In the limit N→ϱ J() is transformed to a regular continuous function. Using the definition of the spectral density function, the expressions for the reorganization energy , for ⌬(t), and for the correlation function C(t), Eqs. ͑4͒, ͑21͒, and ͑17͒, can be written as 
͑39͒
where we have also changed the integration variables:
has been derived using the harmonic oscillator model, Eqs. ͑1͒ and ͑2͒. However, as was noted in the introduction in Sec. II, this equation and other equations which follow from it have a broader validity and can be applied to a nonlinear system too. To this end, one has to redefine the spectral density function J(), which occurs in Eq. ͑39͒, because Eq. ͑36͒, which was used as a definition of J(), is no longer valid for the nonlinear system. The easiest way of doing this, leading to Eq. ͑41͒ below, is to use the harmonic oscillator model to relate the spectral density function to the imaginary part of the quantum correlation function of the solvation coordinate, Eq. ͑38͒. ͑It is important to use a quantum correlation function because for a generic nonlinear system, in contrast to a harmonic one, there is no simple relation between the classical and quantum correlation functions.͒ Applying the inverse Fourier transform to the imaginary part of Eq. ͑38͒ one obtains:
where C(t) is given by Eq. ͑10͒. Equation ͑39͒, with J() given by Eq. ͑41͒, can be derived more generally following Mukamel's type of argument, 51 without introducing any molecular harmonic oscillator model.
To proceed further analytically with Eqs. ͑33͒ and ͑39͒ we assume for a moment that the correlation function C(t) which enters into R(t), Eq. ͑32͒, can be approximated by its value at zero time,
While this approximation is always qualitatively correct, it neglects the important contribution to the absorption spectrum which arises from the solute's high-frequency vibrational modes. These effects will be taken into account later in Eqs. ͑56͒ and ͑58͒. Substituting Eq. ͑42͒ into Eq. ͑32͒ one obtains:
where ͗X͘ is given by Eq. ͑7͒. Assuming that the main contribution to the correlation function C(t), Eq. ͑38͒, arises from low frequency modes ͑classical modes͒ one can use an estimate for C(0) ͓cf. Eqs. ͑37͒ ͑38͔͒,
C͑0 ͒ϳ2/␤. ͑44͒
Equations ͑43͒ and ͑44͒ define the important time-scale c over which the correlation function R(), Eq. ͑31͒, is essentially different from zero:
The correlation function R() limits the important time difference in Eq. ͑39͒ to being less than c . Within such times the sine under the integral in Eq. ͑39͒ can be replaced by its argument /2 and can also be neglected in the arguments of the functions ⌬(tϪTϮ/2) giving as a result:
where we have used the expression for C(t), Eq. ͑38͒. Substituting Eq. ͑46͒ and a quasi-harmonic representation for the pump pulse, Eq. ͑27͒, into Eqs. ͑30͒ and ͑33͒ one arrives at the following expression for X (t):
In derivation of Eqs. ͑47͒ and ͑48͒ we again neglected the small time difference in E 0 (TϮ/2), which changes slowly with time. The last assumption implies that the pulse duration p is much longer than the correlation time c , Eq. ͑45͒,
is typically satisfied for a system at a room temperature with strong solute-solvent interaction and for a pump pulse with p տ50 fs. From Eq. ͑47͒ one can see that the DSS resulting from a long pump pulse is given by convolution of the pulse shape and the function K(t) given by Eq. ͑48͒. This function describes a DSS which corresponds to a pulse which is much longer than the correlation time c , Eq. ͑45͒, but still shorter than any time scale, relevant to the solvent dynamics. To calculate K(t) we first use the Gaussian approximation for R(), Eq. ͑43͒. Substituting Eq. ͑43͒ into Eq. ͑48͒ and integrating over one obtains
where ⌬ 0 is the central frequency shift of the pump pulse 0 relative to the maximum of the absorption spectrum,
The function ⌬ 1 (t) is the quantum analog of the normalized classical correlation function ⌬(t) ͓Eq. ͑37͔͒,
⌬ 1 (0)ϭ1, and C(t) is given by Eq. ͑38͒. It is convenient for comparison later with Eq. ͑73͒ to rewrite the DSS for a short pulse, Eq. ͑50͒, in a different form:
It can be seen from this equation that the variation of the transition frequency ⌬ϭ(0)Ϫ(ϱ)ϭ͓X (0)ϪX (ϱ)/h is:
The solvent response function S(t) is obtained by substituting Eq. ͑50͒ into Eq. ͑13͒:
gives a simple expression for the solvent response function which generalizes Eq. ͑20͒ and reduces to it when ប→0 or when pump pulse is not off-resonance (⌬ 0 ϭ0). The expression in Eq. ͑55͒ with ϭ0 corresponds to the purely classical response of the solvent ͓cf. Eq. ͑20͔͒. The quantum correlation function ⌬ 1 (t) and are responsible for the quantum effects entering into the solvent response. For a choice of h⌬ 0 ϳ2ͱ/␤, which is the absorption linewidth, one can estimate the contribution of to the total solvent response as ϳ1/ͱ␤, which is typically small. However, particularly in the far wing on the red side a larger ⌬ 0 can be used. We give an interpretation of Eq. ͑55͒ later. We note that Eqs. ͑53͒ and ͑55͒ contain no properties specific to a molecular harmonic oscillator model.
A Gaussian approximation for the correlation function R(t) ͓use of Eq. ͑43͒ to represent Eq. ͑31͔͒ may be too restrictive for a solute with a complex spectrum. Using Eq. ͑48͒ one readily obtains the following expression for the DSS:
where R() is the Fourier transform of R(t),
The absorption coefficient is proportional to R(). 76 It follows from Eq. ͑56͒ that for a solute with a non-Gaussian absorption spectrum, even if the solvent dynamics can be described classically, i.e., if ⌬ 1 (t)Ӎ⌬(t), then the solvent response function S(t) is given by Eq. ͑20͒, but the variation of the transition frequency (0)Ϫ(ϱ) will differ from that predicted from the classical theory, ⌬ 0 ϩ2/h ͓cf. Eq. ͑54͔͒. A generalization of the expression for in Eq. ͑55͒ for a solute with an arbitrary absorption spectrum is:
One aim in the present paper is to estimate for a realistic experimental situation the change in the Stokes shift timeevolution due to the finite pump pulse duration. To estimate the Stokes shift dynamics a realistic spectral density function J() in Eq. ͑41͒ is needed for the solute-solvent interaction. The main contribution to the interaction of polar solutes with small-molecule polar solvents is due to long range dipoledipole and charge-dipole interactions, together with hydrogen bonding in the case of protic solvents. [77] [78] [79] Frequently, the solute-solvent interaction in polar solvents has been described in terms of continuum models using an exponential or multiexponential dielectric response. 5, 48, 80 It has been argued by some researchers that due to inherent molecular nature of the solvation process, the continuum models ultimately fail to explain some important features of solvation, in particular its initial, ultrafast stage. In more recent investigations, however, it was found that once one includes not only the low-frequency, diffusional part of the solvent's dielectric response but also the high-frequency, inertial part, a prominent role of the inertial motion in solvation is recovered. 36, 81, 82 In their work on the dynamic Stokes shift of coumarin 343 anion ͑C343͒ in water, Hsu et al. 82 obtained encouraging agreement with the experiment 2 upon using the experimental dielectric response function ⑀() for water and a continuum-based approach.
In the present paper we again use for simplicity the Onsager model for the solute, which treats the solute as a dipole in the center of a spherical cavity and the solvent as a dielectric continuum with uniform properties, surrounding the solute. The dielectric response of the solvent is assumed to be local and to be characterized by the experimental bulk dielectric response function ⑀(). The spectral density J() of the solvent's normal modes can be related to the dielectric function using the expression for the DSS caused by an instantaneous pump pulse. Such a DSS can readily be expressed in terms of the spectral density function using Eqs. ͑25͒ and ͑37͒,
On the other hand, within the framework of the reaction field approach the DSS associated to an instantaneous pump pulse is given by,
where ⌬ϭ e Ϫ g is the ͑vector͒ difference of the dipole moments in the excited and ground electronic states, a is the solute cavity radius, and the minus sign in Eq. ͑60͒ appears when the convention is used that the imaginary part of the dielectric function ⑀() is taken to be negative. Comparing Eqs. ͑59͒ and ͑60͒ one obtains the desired expression:
ͬ .
͑61͒
It can be shown by other methods 49, 52 using linear response theory that Eq. ͑61͒ holds in most general conditions for the Onsager model if one assumes that the dielectric response of the solvent is local on atomic length-scale.
Using Eq. ͑61͒ the solvation dynamics of the system can be estimated once the dielectric function of the solvent ⑀() is known. As an example the dielectric dispersion data for water at Tϭ298 K ͑Fig. 1͒ were used to calculate the spectral density of the solvent modes. Water has been used in DSS measurements 2, 42 and its dielectric response function is available at a high level of accuracy over a wide range of frequencies. [83] [84] [85] [86] Equation ͑55͒ shows that the effect of the finite pump pulse duration on the DSS depends on the difference between ⌬(t) and ⌬ 1 (t), Eqs. ͑37͒ and ͑52͒. These functions are shown in Fig. 2 . A relative contribution of the ultrafast component to the correlation function ⌬ 1 (t) is larger due to the 0 K fluctuations of the quantum modes, and the oscillations with the period of 10-15 fs are much stronger. The exponential relaxation time ͑appropriate in the low frequency regime͒ is the same for both ⌬(t) and ⌬ 1 (t). This result is expected since the long time scale orientational relaxation is associated with the slow classical solvent modes.
The instrument response time ͑FWHM of a crosscorrelation of the pump and gate pulses 87 ͒, which characterizes the time-resolution in a measurement of the transient fluorescence also must be taken into account. It is not better than about 100 fs. 36 The correlation functions ⌬(t) and ⌬ 1 (t) were next convoluted with appropriate Gaussian shapes of both the pump pulse ͓cf. Eq. ͑47͔͒ and the upconverting pulse, 88 with the results given in Fig. 3 . These con- volutions make the difference between the classical and quantum correlation functions even less pronounced. Taking into account the fact that ⌬ 1 (t) enters into the total solvent response R(t) with the weight ͓Eq. ͑55͔͒, which is generally much less than unity, one can conclude that the deviation from the standard formula ͓Eq. ͑20͔͒ due to the finite pump pulse duration is small and can be neglected in most DSS experiments. Some deviation can be expected when the central frequency of the pump pulse lies in the far wing of the absorption band of the chromophore and, then the additional contribution in the correlation function ⌬ 1 (t) to the total solvent response can be comparable with the standard term, ⌬(t). For example, a red shift of the pump pulse from the fluorescence maximum, ⌬ 0 Ӎ/h, which would give the excitation probability of the order of 10% of the maximum for Coumarin 153 in ethanol, leads to ϳ0.5.
IV. PHYSICAL INTERPRETATION OF EQS. "53… AND "55…
To interpret Eq. ͑53͒ we first obtain, in Eqs. ͑62͒-͑65͒ below, the distribution of the displacements Q j of the harmonic oscillators before and immediately after the electronic transition. The probability distribution W j of the coordinate Q j for a single oscillator in equilibrium with the ground electronic state of the solute ͑the statistical state of the system before the excitation͒ is given by
In the high temperature ͑low frequency͒ limit this distribution reduces to the classical one:
In the low temperature ͑high frequency͒ limit it reduces to the probability distribution corresponding to the ground state of the oscillator:
which is much broader than the classical distribution when ប j ␤/2ӷ1. The last property can be interpreted as the result of nuclear tunneling of the oscillator to nonclassical regions. The total distribution of all oscillators representing the solvent is given by the product of the distributions in Eq. ͑62͒,
The maximum of the absorption spectrum corresponds to Q j ϭ0. If the pump pulse frequency is tuned away from the maximum of the absorption spectrum the mean displacements Q j 0 of the jth harmonic oscillator excited by this offresonance optical excitation immediately after the excitation deviate from their initial zero values. To find these displacements one must maximize the probability W(Q) in Eq. ͑65͒ subject to the constraint that the frequency shift ⌬ 0 is kept fixed. Equations ͑3͒, ͑12͒, and ͑51͒ yield for this constrain:
Using the log W(Q) as a function to be maximized and applying to it the method of Lagrange multipliers we have,
where ␣ is a Lagrange multiplier, the following expression for the most probable values of the oscillators coordinates Q j 0 is readily obtained:
One can see that the initial displacement of the jth solvent mode Q j 0 is larger in the quantum case, since tanh(␤ប j /2) is less the corresponding classical term, ␤ប j /2, for the high frequency modes. To find the value of ␣ which corresponds to ⌬ 0 Eq. ͑68͒ is introduced into Eq. ͑66͒:
The normalized correlation functions ⌬(t) ͓Eq. ͑ 37͔͒ and ⌬ 1 (t) ͓Eq. ͑52͔͒ are given by the upper and lower curves, respectively. The inset gives the results over a longer picosecond time interval. The spectral density of the solvent was calculated using the dielectric data of water and Eq. ͑61͒.
FIG. 3. The correlation functions ⌬(t)
and ⌬ 1 (t) with finite time resolution. Convolution was performed with the Gaussian exp(Ϫt 2 / p 2 ), p ϭ50 fs, which corresponds to an instrument response function of FWHMϭ 2ͱln 2 p ϭ83 fs ͑Ref. 88͒.
Using the expression for C(t), Eq. ͑17͒ the following estimate for ␣ is readily obtained:
Thus, the expression for the initial displacement of the jth solvent mode in this off-peak excitation can be written as
This expression gives the displacements of the solvent modes relative to their minima in the ground electronic state of the solute. The time-evolution, however, proceeds in the excited electronic state. The initial displacement of the jth solvent mode relative to its minimum in the excited electronic state is ͓cf. Eqs. ͑2͒ and ͑A1͔͒:
The first term in Eq. ͑72͒ describes the displacement of the jth mode when the pump pulse frequency is tuned to the maximum of the absorption spectrum. It is purely classical in the harmonic oscillator model. The second term appears when there is a detuning ⌬ 0 . It is larger for the high frequency ͑and hence quantum͒ modes because of the tunneling ͓see the discussion after Eq. ͑68͔͒. The time-evolution is similar both for the quantum and classical modes and is described by the factor cos j t for the jth mode. Therefore, the DSS can be written as
where we have used Eqs. ͑17͒, ͑21͒, ͑52͒, and ͑72͒. Comparing Eqs. ͑73͒ and ͑53͒ one sees that they coincide. Thus, the deviation of the solvent response S(t) ͓cf. Eq. ͑55͔͒ from Eq. ͑20͒ is caused by the fact that the mean displacements Q j Ј 0 of the high frequency modes immediately after the pump pulse are different in the quantum and classical cases.
It was assumed in the previous discussion that the high frequency solvent modes do not have time to change during the excitation. In particular, p must satisfy the condition:
͑A high frequency mode is defined here as one whose frequency exceeds k B T/h.͒ This condition is loosely satisfied for the pump pulse with duration p Ӎ50 fs at the room temperature. On the other hand, the pulse must not be too broad in the frequency domain, since otherwise the constraint ⌬ 0 ϭconst would be meaningless. Taking into account that the spectral width is ͱ/␤/ប one arrives at the condition given by Eq. ͑49͒ and discussed above.
V. SUMMARY
In the present paper the effect of the pump pulse duration on the Stokes shift time-evolution was considered. It was shown that the deviation of the solvent response from the classical expression, Eq. ͑20͒, is due to the mean initial displacements of the high frequency solvent modes being different in the quantum and classical cases. It was found, however, that usually this effect is small and that the standard description using an infinitely short excitation pulse is then applicable. However, it was shown that a deviation can be expected when the excitation pulse frequency is tuned to the far wing of the absorption band of the chromophore. The description of the transient fluorescence spectrum in which the only parameter, the central frequency of the spectrum, is used to characterize its dynamics, can omit some of the dynamical features. The other features of the spectrum such as its width and shape can contain additional information about the solvation dynamics. 
͑A1͒
The expression for the change ⌬X in the solvation coordinate X in Eqs. ͑3͒ and ͑5͒ can be rewritten in terms of Q j Ј 
APPENDIX B: THE DIRECTIONAL PROPERTIES OF THE TRANSIENT FLUORESCENCE
If the direction of the electric field n 0 in the pump pulse is not collinear with the direction of the transition dipole moment of the solute nЈ, a factor of n 0 -nЈ appears in the expression for the Hamiltonian of interaction of the pump pulse with the solute ͓cf. Eq. ͑26͔͒. Similarly, if the direction of the electric field n in a particular fluorescence mode is not collinear with nЈ, a factor of n-nЈ appears in the corresponding interaction Hamiltonian. The transient fluorescence intensity is obtained as a result of the second order perturbation over the interaction with the pump pulse plus the second order perturbation over the interaction with the particular fluorescence mode. 52 The contribution to the intensity I n Ј of the transient fluorescence to the particular fluorescence mode from solutes with the given orientation nЈ of the transition dipole moment can then be written as I n Ј ϭ͑n 0 -nЈ͒ 2 ͑ n-nЈ͒ 2 I 0 , ͑B1͒
where I 0 depends neither on n 0 and n nor on nЈ. To obtain the orientational dependence of the transient fluorescence intensity I one must average Eq. ͑B2͒ over possible orientations of a solute molecule, Substituting Eq. ͑17͒ into Eq. ͑C5͒ and integrating over , the expression for f 1 (t͉tЈ,tЉ) is obtained. After the substitution into Eq. ͑C3͒ it yields Eq. ͑35͒.
